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INVESTIGATION OF TWO FIXED CENTERS PROBLEM AND
HENON-HEILES POTENTIAL BASED ON THE POINCARE SECTION

Abstract. In this paper, we study the Henon-Heiles potential and the problem of two fixed centers. In studies of
nonlinear systems for which exact solutions are unknown, the Poincare section method is used. For the Henon-
Heiles potential, Poincare sections were obtained. Next, the potential of two fixed centers was investigated. It was
shown on the basis of the Poincare section that, in the case , = 4, =1 the internal cross-sectional structure

decomposes from the values H =—1.7, but the internal cross-sectional structure is preserved in the interval
H €[-0.5,-1.6], in the case  =0.9and ., =0.1 the internal cross-sectional structure decomposes from the

values H =-0.9 but the internal cross-sectional structure is preserved in the interval H €[-0.3,—-0.8], in the case

of 4, =0.7 and g, =0.3 the internal cross-sectional structure decomposes from the values H =-0.8, but the
internal cross-sectional structure is preserved in the interval H <[-0.2,—0.7]. W.ith increasing energy, many of

these surfaces decay. It is assumed that the numerical results obtained will serve as the basis for comparison with
analytical solutions.
Keywords: Henon-Heiles model, the problem of two fixed centers, Poincaré section, numerical solutions.

Introduction. Interest in the existence of the third integral of motion for stars moving in the potential
of the galaxy revived in the late 50's and early 60's of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (r,d, z) this
will be only a function of r and z. There must be five integrals of motion that are constant for the six-
dimensional phase space. However, the integrals can be either isolating or non-isolating. Non-isolating
integrals usually fill all available phase spaces and do not restrict the orbit.

Henon and Heiles tried to find out if they could find any real proof that there must be a third isolating
integral of the motion. Making numerical calculations, they did not complicate the astronomical meaning
of the problem; they only demanded that the potential investigated by them be axially symmetric. The
authors also suggested that the motion was tied to a plane and passed into the Cartesian phase space (X, Y,
X,y). After some tests they managed to find a real potential. This potential is analytically simple, so that

the orbits can be calculated quite easily, but it is still quite complex, so that the types of orbits are
nontrivial. This potential is now known as the potential of Henon and Heiles [1-3].

Some particular solutions to the three-body problem are known, but a general solution has not yet
been found. One of the special cases of the three-body problem is the problem of two fixed centers. It was
first considered by Euler in 1760 [4]. Jacobi showed that the equations of motion can be integrated in
terms of elliptic functions [5]. This problem can be used as some first approximation in astronomical
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problems about the motion of minor planets and comets under the influence of gravity of the Sun and
Jupiter. The period of revolution of Jupiter is about twelve years, and for a short period of time the motion
of these celestial bodies can be considered in the framework of the problem of two fixed centers. Also, the
problem of the motion of a spacecraft to the Moon can be considered within the framework of this task.
The flight time of the spacecraft to the Moon is about four days. During this time, the Moon will move
slightly in a circular orbit of the Earth. The study of the problem of two fixed centers was carried out in
different directions [6-22]. For example, V.V. Kozlov and A.O. Harin considered a modification of the
problem of two fixed centers on a sphere [23].

Methods and calculations. The Henon-Heiles potential is undoubtedly one of the simplest, classical
and characteristic examples of open Hamiltonian systems with two degrees of freedom. The above topic
was devoted to a large number of research scientists [24-26].

The potential of the Henon-Heiles system is determined by the formula:

U(x,y):%(x2+y2+2x2y—§y3) (1)

Equation (1) shows that the potential actually consists of two harmonic oscillators, which were

connected by the perturbing terms xzy—%y3.

The basic equations of motion for a test particle with a unit mass (m =1) are:

, oU
X= v —X—2Xy
y=-S =y iy ?
oy
Consequently, the Hamiltonian of system (1) has the form:
H:%(xz+y2)+%(x2+y2)+XZY—%y3=h' C)

where Xand y are the momenta per unit mass, xand Y are the coordinates of the system; h>0the

numerical value of the Hamiltonian, which is conserved. It is seen that h>0the Hamiltonian is symmetric
with respect to x — —x, and H also exhibits a symmetry of rotation at 27 / 3.
Below are the dependencies of the coordinates of the functions in time for the systems of equations

).

To study the Henon-Heiles system, the Poincaré section method is used. Advantages of this method
are especially evident when we consider nonlinear systems for which exact solutions are unknown. In this
case, the phase trajectories are calculated by numerical methods.

To solve the systems of equations (2), boundary conditions are chosen so that they satisfy equation
(3). Further, the systems of equation (2) are solved on the basis of the Runge-Kutta method. To construct
the Poincaré section, those values that intersect the plane X =0 are chosen. Below are the Poincaré
sections for Henon-Heiles systems for different energy values: E =1/12, E=1/8. With increasing
energy, the structure of the cross sections is destroyed. The results obtained are in agreement with other
authors [1, 2].
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Figure 1 - Poincare section at E =1/12 Figure 2 - Poincare section at E =1/8
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Next, we study the problem of two fixed centers. Imagine that on the OXY plane there are two fixed
points S1 and S2 with masses m1 and m2 under the influence of Newtonian attraction of which the
material point S of mass m moves in the same plane. Thus, the equations of motion of a material point can
be written in the following form [27]:

., ouU X X
== —fm, = — fm, =,
oX I r,
oU -C +C )
y’=—=—fm1y3 —fmzy3 ,
oy n r
Where y — (™, M2y, f is gravitational constant.
n I,
r
x
S (m)
S1(my) S,(m,)
-C 0 C v

Figure 3 - Scheme of the task

Radius vectors are defined as follows:

L=JX+(y=C)°, r,=yX" +(y+c)’ (5)

The canonical equations of the problem of two fixed centers will have the form [28]:

dx oH  dx oH
_:+_, —_— =4 —
dt ox dt oy

. ) (6)
di__oH dy_ oM
d  ox ' dt oy
where the Hamiltonian is defined by the formula
H=T-U :%(x2+y2)—f(%+%) , H =const 7

1 2

We introduce the following notation: .4 = fm,, u, = fm,. Consider the case ., =u, =1, the
second case g, =0.9 and x4, =0.1, the third case , =0.7 and g, =0.3. These parameters show different
mass ratios of fixed centers. Now we study the Poincare section for the indicated model of the problem
and parameters. Based on the results obtained, we can say that, in the case , =z, =1 the internal cross-
sectional structure decomposes from the values H =-1.7, but the internal cross-sectional structure is
preserved in the interval H €[-0.5,-1.6], in the case x4 =0.9and ., =0.1 the internal cross-sectional
structure decomposes from the values H =-0.9, but the internal cross-sectional structure is preserved in
the interval H [-0.3,-0.8], in the case of , =0.7 and ,, =03 the internal cross-sectional structure

decomposes from the values H =-0.8, but the internal cross-sectional structure is preserved in the
interval H €[-0.2,-0.7].
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Figure 4 — Poincare sectionat H =—0.9, ¢=0.5, Figure 5 — Poincare sectionat H =—1.7, ¢=0.5,

=10, u,=1.0 1, =10, 1,=10
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Figure 6 — Poincare sectionat H =—0.6, ¢=0.5, Figure 7 — Poincare sectionat H =—0.9, ¢=05,
#,=09,,=01 1, =09, 1,=01
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Figure 8 — Poincare sectionat H =—0.6, ¢=0.5, Figure 9 — Poincare sectionat H =—0.8, ¢=0.5,
w=0.7,1,=03 w =07, 4,=03

Conclusion. Thus, the results obtained by the numerical method determine the structure of the
Poincare sections for the model of the problem of two fixed centers and serve as the basis for comparative
analysis in determining the analytical mapping.
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IIYAHKAPE KHMACBIHBIH HEI'T3IHJE
KO3FAJIMAUTBIH EKI HEHTP ECEBI MEH
XEHOH-XEWIEC IIOTEHHUAJIBIH 3EPTTEY

AHHOTanusA. OTKCH FachIpAbIH SO0-KBULAAPBIHBIH asfbl MEH 60-)KbULIApBIHBIH OachlHAa TalaKTHKa MOTCH-
[UANBIHA KO3FAJIATBIH JKYJIIBI3Ap YIIIH VIIHII WHTErpalibiHA KhI3BIFYIIBUIBIK TYybIHAAW Oactambl. bacramkeina
MTOTEHIMAJ CHMMETPHAIIBI JKOHE YaKbITKa TOyeJCi3 JIeN KapacThIPBULABI, COHABIKTAH MIIHHIAPIIK KoopauHaTana (I,
6, Z) GyHKIUA TEK ' MEH Z-Ka FaHa Toyenai Oonaapl. ANThI ememMai (pa3ayiblk KeHICTIKTEe TYPaKThl O0eC KO3FalbIC
WHTEpranbl Ooysl Kepek. bipak, WHTerpangap IIEKTEJTeH HeMece IIeKTeIMEreH OONybl KaxeT. OJeTTe,
HIEKTEeIMETeH HHTerpaniap 0apislk (a3aiblk KEHICTIKTI TONTHIPAIbI )KHE OpOUTAHBI IIEKTEMEH .

XeHoH MeH XeWiec VIIHIN IIEKTENTeH KO3FaJbIC WHTETPAJBIHBIH Oap CKCHIITiHE HAKTHI JQJeNaep TaOyra
THIPBICTBHL. CaHIBIK ecenTeyep XKypri3e OThIpa, oyap Oy MPoOIeMaHbIH aCTPOHOMUSUIBIK MaFbIHACHIH JKCHUIICTYTE
TBIPBICTHI; OJIAp 3EPTTENIN OTHIPFaH MOTCHIMAIBIH aKCHAbIi-CAMMETPHUSITB O0TybIH Tajam eTTi. COHbIMEH KaTap
aBTOpJap, OyJI KO3FAIIBIC JKa3bIKTHIKKA TOYEN/l JKOHE NEKApPTTHIK (a3alblK kKa3bIKTHIKTA (x, Y, )'(,y) JKaTalbl eIl
TanThl. BipHeme ToxipubdenepeH keiiH, HaKThI IIOTSHITHATB Taba alapl. byl MOTeHIMAaN aHAIUTHKAIIBIK TYPFhIIaH
KaparaibiM, COHABIKTAH OpOHWTAaIapAbl aHBIKTayFa OOJaIbl, COHBIMCH KaTap MOTCHIUAN XETKUIIKTI TyplIe KHUBIH,
COHJIBIKTAH OpOuTaNap TPUBHAIIBI eMec Typre kataabl. Kasipri Tapma Oyt moteHIman XeHoH- Xeiioc NOTCHIIHATBI
JIeT aTaJajpl.

Ym gene ecebiHiH KeiOip aepOec mremriMzepi aHBIKTaNFaH, Oipak TONBIK MIENINMi JKOK. YII JeHe eceOiHiH
nepbec memrMaepiHiy Oipi — KO3FaaMalThIH eki IeHTp ecebi. byn ecenri amram pet 1760 xwputer  JI. Ditnep
KapacTelpabl. An Slkobu Gosca, KO3FalmbIC TEHIEYJIEPi SJUIMNTUKANBIK (QYHKIUAIAp TEPMHHICPIHJIE MHTErpasaa-
HaTBIHBIH KepceTTi. bepinren ecen keitbip kimn ruraHetanap MeH komertanapablH Kyl xone IOmmtep rpaBurarys-
CBIHIAFBl KO3FAJIBICHI XKaWIbl aCTPOHOMHUSUIBIK ecenTepiae OipiHmmi KybiKTayna KonnmaHeutansl. Omurepmin KyHni
alfHay mepruobl 12 KbUTFa )KYBIK JKOHE OCHI YaKBIT apallbIFbIHAa KOMETaaap MEH Killli TUTaHeTalapIblH KO3FaIbICHIH
KO3FaJIMaMTBIH €Ki EHTp ecebi peTiHae amyra Oonanpl. bepinren ecemnte, FapsIll KeMeciHiH AliFa Iy KO3FaIbICHIH
KapacTeIpyFa 6omamsl. FapbeimTeik keMeHiH Ajfra yiry yakeITel — 4 ToyJikke KysIK. Ounait 6ojca, ocel yakeITTa At
XKepnain opOutaceiHOa KilIKeHe FaHa Kosfanmaapl. KosramMalTeiH exi meHTp ecebi OipHemie OarbITTa 3€pPTTEIreH
0O0JIaTHIH.

Bepiren Makamama XeHOH-XellleC TOTCHIHANBI MEH KO3FAIMANTHIH €Ki IIEHTp ece0i KapacTHIPHUIAJIbIL.
CBI3BIKTHI eMec JKYHenepAiH HaKTHI ImermiMaepi Oenrici3 6onranma, [lyaHkape kuma ofici KoJMmaHbBIIAmel. XEHOH-
Xeiinec noreHnuaisl yurid ITyankape Kkumachl ansiHasl. COHBIMEH KaTap KO3FaJIMaWTBIH €Ki IeHTp ecebi 3epTTeni.
IlyaHkape KUMAchIHBIH HETi3iHAE KO3FaJIMAlTBIH €Ki IIeHTp ecebiHe Keneciledl Ty XbIpbIMAamanap — ajbIHAbL:
1 = 1, =1 Kesinge H = -1.7 moninen Gacran imki kuma sisipaiiasr, an H € [-0.5,—1.6] apansirbinaa imki Kuma
cakrananasl; g =0.9xoHe w4, =0.1 Ke3iHze H = —0.9 moninen 6acran imki kuma siabipainel, a1 H €[-0.3,-0.8]
apanbIFbIHIA IIIKI KMMa cakranaasl; g4 =0.7 k%oHe u, =03  Kesinge H = —0.8 moninen 6acran imki xuma
piapipaiasl, a1 H €[-0.2,-0.7] apansirbinga imki kuma cakranansl. COHBIMEH KaTap, SHEPTHSIHBIH 6CYIMEH, OChI
KUMaJIap IbTH KOTIIIJIIT] BIABIpaiabl. AJBIHFAH CAHABIK HOTIIKENEP aHATMTUKAIBIK MICIIMISPMEH CABICTRIPY YIIIiH
Heri3 00aabl 1emn 6omKaHyaa.

Tyiiin ce3nep: XeHoH-Xelnec Moeli, KO3FaIMaiThIH €Ki IeHTp ecebi, [TyaHkape KuMachl, CAaHIIBIK IIEITiMIep.
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HNCCJIEJOBAHUME 3AJJAYH JIBYX HEITIOABUKHBIX HEHTPOB U ITIOTEHIIUAJIA
XEHOHA-XEWJIECA HA OCHOBE CEYEHMS ITYAHKAPE

AnHoTanus. MHTepec K CyIIECTBOBAHUIO TPETHETO HUHTErpana ABIKEHHS Ui 3Be3[, JBUXKYIIUXCA B
MOTEHI[MaJe TalaKTUKH, BO3poAuics eme B KoHue 50-x u Hagane 60-x rogoB npouuioro cronetus. IlepBoHadansHo
MpEearoiarajgock, 4YTo MOTEHLUAN HUMEeT CHUMMETPUIO M HE 3aBUCUT OT BPEMEHH, MO3TOMY B IMIMHIPUYECKHUX
koopauHaTax (I, 6, z) 310 Oyaer ToabKo (QYHKIMS OT I' U Z. JIOJKHBI CYIIECTBOBATH IIATh WHTEIPAJIOB JBMKEHHUS,
MIOCTOSIHHBIX JJISl IecTUMepHOro (azoBoro npocrpancTBa. OJHaKO WHTErpajbl MOTYT OBITH JIMOO M30JIMPYIOIIUMH,
60 HenzosmpyoumMiu. Hensonupyroniue HHTerpasbl 0ObIYHO 3aI0JIHSIOT BCE IOCTYIHbBIE (pa3oBble MPOCTpaHCTBA
U HE OTPaHUYUBAIOT OPOUTY.

XeHoH n Xeiiniec NONbITAINCh BBISICHUTH, MOTYT JIM OHU HAlTH Kakoe-TH00 pealbHOE J0Ka3aTelbCTBO TOT0, YTO
JOJDKEH CYIIECTBOBATh TPETUI HM30NMPYIONIMHA HHTETpai IBIKCHMA. [IpOBOIS YMCIICHHBIC BBIYMCICHHS, OHH HE
CIIMIIKOM YCIIOXHSUIM aCTPOHOMHYECKHH CMBICT MPOOJIEMBL; OHM TPEOOBAIHM TOJIBKO, YTOOBI MCCICAOBAHHBIN UMHU
MOTEHIMAN OBLT aKCHATbHO-CHUMMETPHYHBIM. ABTOPBI TAaKXKE MPEANONOXKWIN, 9YTO MABMKEGHHE MPUBSI3aHO K

IJIOCKOCTH M TepeluIn B JieKapToBo (asosoe npoctpanctso (x, Y, X,V). Ilocie HEKOTOPBIX MCIBITAHMHA MM

yJaJIOCh HAWTH JEWCTBHUTENBHBIA MOTEHIMal. DTOT IOTEHIHMaN aHAJIWTHYECKH IIPOCT, TAK YTO OPOMTHI MOXKHO
BBIYHMCIIUTD JIOBOJIBHO JIETKO, HO OH BCE €I JOCTATOYHO CIJIOXKHBIH, TaK YTO TUIBI OPOHUT HETPUBHAIBHBI. JTOT
MOTEHIMAJ Telepb U3BECTEH KaK IMOTeHIMall XeHoHa 1 Xeieca.

M3BecTHBI HEKOTOPBIE YaCTHBIC PELICHUs! 3a/laudl TPeX Tej, HO olllee pelleHue emie He HalaeHo. OmHUM u3
YAaCTHBIX CIy4aeB 3aJayd Tpex Ted SIBISEeTCS  3ajada JBYX HEMOIBIKHBIX IIeHTpoB. OHa Obuia BIIEpBbIC
paccmoTpena OJitmepom 1760 1. Sxo0M TOKa3an, YTO YpaBHEHHUS ABIDKCHHS MOTYT OBITh HHTETPHPOBAHBI B
TEpMHUHAX IUIMNTHYCCKUX (yHKuui. JlaHHas 3agada MOXKET OBITh HCIONB30BaHA Kak HEKOTOPOE IMEpBOE
NpUOIMKEHHE B aCTPOHOMHYECKHX 3a7adax O JBIDKCHHH MaibIX IUTAHET W KOMET MO JCHCTBHEM TpaBHTAlMN
Comnna u FOnurepa. Ilepuon obpamenus FOmurepa cocTaBiseT OKOJIO JBEHAIIATH JIET, U B TeUEHHE HEOOIBIIOTO
MPOMEXYTKa BPEMEHM IBHMKCHHE YKa3aHHBIX HEOECHBIX TEeJ MOXHO pacCMaTpHBaTh B paMKax 3aladdl JABYX
HETIOJIBIDKHBIX IIEHTPOB. Takke 3a7ady O ABM)KEHMHM KOCMHUYECKOro Kopabist k JlyHe MOXHO paccMaTpuBaTh B
paMKax yka3zaHHOW 3ajaud. Bpewms monera kocMuueckoro kopabust 1o JIyHbI COCTaBIISIET OKOJIO YEThIPEX CYTOK. 3a
9T0 Bpemsi JlyHa mo kpyroBoil opOute 3emiM IepeMecTHTCs He3HauuTelnbHO. McciemoBaHue 3amaud JBYX
HECMOABUIKHBIX HEHTPOB MMPOBOAWIIOCH PA3JIMYHBIX HAIIPABJICHUAX.

B nanHOl paboTe uccnemyeTcs MOTeHIMan XeHoHa-XeWneca M 3a7adya JBYX HEMOIBIDKHBIX LeHTpoB. Ilpu
HUCCICO0OBAHUU HEJTMHEHHBIX CHUCTEM, IJII KOTOPBIX HEHU3BCCTHBLI TOYHBLIC PCHICHUSA UCIIOJIB3YCTCA MCETOJ CCUCHUA
ITyankape. [ moreHmmana XeHoHa-Xelneca OputH moNydeHBI cedeHus [lyankape. Jlamee ObUT mccliemoBaH
MOTEHIMAJ 3aJa4il JBYX HEITOJBIDKHBIX IEHTPOB. bpulo moka3aHo Ha ocHoBe cedenus [lyankape, uro B ciydae
14 = t, =1 BHYTpEHHsAA CTPYKTypa CedeHMH pacnagaercst co 3HayeHud H =-1.7, HO BHYTpeHHss CTPYKTypa

cedeHuit coxpansiercst B otpeske H €[-0.5,-1.6], B ciiyuae g4 =0.9u g, = 0.1 BHyTpEHHss CTPYKTypa CeH4eHHI
pacriagaercst co 3HaueHuit H =-0.9, HO BHYTPEHHSs CTPYKTypa ceucHuii coxpansiercs B orpeske H €[-0.3,-0.8],
B ciydae g =0.7u u, =03 BHYTpEHHSS CTPyKTypa cedeHHil pacmamaercs co 3Hadermmii H =-0.8, Ho
BHYTPEHHSII CTPYKTypa cedeHmii coxpansercss B otpeske H €[-0.2,-0.7]. C yBenmudyeHnnemM SHeprHd MHOTHE W3

9THUX HOBerHOCTeﬁ pacmaaaroTcA. HpeanonaraeTCﬂ, 4YTO IMMOJYYCHHBIC YHUCJICHHBIC PE3YJIbTAThbl MOCITYXKaT OCHOBOM
JJIA CpaBHCHHS ¢ aHAJIUTUYCCKUMU PCHICHUAMMU.

KiaioueBble cioBa: MOACIIb XeHOHa-Xeﬁneca, 3agada JABYX HCHOABUIKHBIX HEHTPOB, CCEYCHUC HyaHKape,
YHNCJICHHBIC PCIICHUA.

Information about the authors:

Malkov Ewgenii — Doctor of physical and mathematical sciences, Khristianovich Institute of Theoretical and Applied
Mechanics Siberian Branch of Russian Academy of Sciences;

Bekov Askar — Doctor of physical and mathematical sciences, professor, Al-Farabi Kazakh National University, Satbayev
University; https://orcid.org/0000-0002-6836-1369;

Momynov Serzhan - senior lecturer, Al-Farabi Kazakh National University, Satbayev University; https://orcid.org/0000-
0003-2332-8212;

Beckmuhamedov llias. — PhD student, Al-Farabi Kazakh National University;



https://orcid.org/0000-0002-6836-1369
https://orcid.org/0000-0003-2332-8212?lang=en
https://orcid.org/0000-0003-2332-8212?lang=en

ISSN 1991-346X 1. 2020

Kurmangaliev Duman — master student, Al-Farabi Kazakh National University;
Mukametzhan Aidana — master student, Al-Farabi Kazakh National University;
Orynqul lltefat — teacher, MSOE «Almaty College of Fashion and Design».

REFERENCES

[1] Lichtenberg A., Lieberman M. Regular and stochastic dynamics [Reguljarnaja i stohasticheskaja dinamika]. M: Mir,
1985- 529p. (In Russian).

[2] Euaggelos E. Zotos. Classifying orbits in the classical Henon-Heiles Hamiltoninan system. arXiv:1502.02510v1
[nlin.CD] 9 Feb 2015.

[3] Vernov S. Ju., Construction of solutions of the generalized Henon-Heiles system using the Painleve test [Postroenie
reshenij obobshhennoj sistemy Henona—Hejlesa s pomoshh'ju testa Penleve]. TMF, 2003, Vol. 135, No. 3, 409-419. (In Russian).

[4] Euler L. Historie de L’Academie Royale des sciences et Belles-lettres, (1760), 1767,Vol. XVI. Pp. 228-247.

[5] Jacobi C. G. J. Vorlesungen uber Dynamik. Chelsea Publ., New York, 1969.

[6] Gonzalez Leon M.A., Mateos Guilatre J., de la Torre Mayado M., Orbits in the problem of two fixed centers on the
sphere. Regular and Chaotic Dynamics,2017 Vol. 22, No. 5, pp. 520-542. DOI: 10.1134/S1560354717050045.

[7] Borisov A.V. and Mamaev |.S. Generalized problem of two and four Newtonian centers. Celestial Mechanics and
Dynamical Astronomy (2005) 92:371-380.DOI: 10.1007/s10569-005-1557-y.

[8] Borisov A.V. and Mamaev |.S. Relations between integrable systems in plane and curved spaces. Celestial Mechanics
and Dynamical Astronomy (2007) 99:253-260. DOI: 10.1007/s10569-007-9098-1.

[9] Seri M. The problem of two fixed centers: bifurcation diagram for positive energies. Journal of Mathematical Physics 56,
012902 (2015). DOI: 10.1063/1.4906068.

[10] Vozmicheva T.G. Classification of motions for generalization of the two centers problem on sphere. Celestial
Mechanics and Dynamical Astronomy 77: 37-48, 2000.

[11] Vozmicheva T.G, Oshemkov A. A. Topological analysis of the two-centre problem on the two-dimensional sphere,
Mat. Sb., 2002, Volume 193, Number 8, 3—-38. DOI: https://doi.org/10.4213/sm672.

[2] Albouy A. The underlying geometry of the fixed centers problems, in Topological Methods, Variational Methods and
Their Applications, Brezis, H., Chang, K.C., Li, S.J., Rabinowitz, P. (Eds.), Singapore: World Scientific, 2003, pp. 11-21.

[13] Albouy A. and Stuchi T. Generalizing the classical fixed-centres problem in a non-Hamiltonian way, J. Phys. A, 2004,
vol. 37, pp. 9109-9123.

[14] Waalkens H., R. Dullin H., and H. Richter P. The Problem of two fixed centers: Bifurcations, Actions, Monodromy.
Physica D 196 (2004) 265-310 DOI: 10.1016/j.physd.2004.05.006. -

[15] Demin V.G. Orbits in the problem of two fixed centers. Astronomicheskii Zhurnal, Vol. 37, pp. 1068-1075,1960.

[16] O Mathuna, D. Integrable Systems in Celestial Mechanics, Boston: Birkhauser, 2008.

[17] Arathoon Ph. Singular reduction of the 2-body problem on the 3-sphere and the 4-dimensional spinning top. Regular
and Chaotic Dynamics, 2019, Vol. 24, No. 4, pp. 370-391. DOI: 10.1134/S1560354719040026.

[18] Borisov A.V., Mamaev |.S. and Bizyaev |.A., The Spatial Problem of 2 Bodies on a Sphere. Reduction and
Stochasticity, Regul. Chaotic Dyn., 2016, vol. 21(5), pp. 556-580. DOI: 10.1134/S1560354716050075.

[19] Borisov A.V., Mamaev |.S. The restricted two-body problem in constant curvature spaces. Celestial Mech Dyn Astr
(2006) 96:1-17. DOI 10.1007/s10569-006-9012-2.

[20] Garcia-Naranjo L.C., Marrero J.C., Perez-Chavela E. and Rodriguez-Olmos M. Classification and stability of relative
Equilibria for the two-body problem in the hyperbolic space of Dimension 2. J. Differential Equations, 2016, vol. 260, no. 7, pp.
6375-6404.

[21] Tremblay F., Turbiner A.V., and Winternitz P. Periodic orbits for an infinite family of classical superintegrable
systems, J. Phys. A, 2010, vol. 43, no. 1, 015202, 14 pp.

[22] Shinibaev M.D., Dairbekov S.S., Zholdasov S.A., Myrzakasova G.E., Aliaskarov D.R., Shekerbekova S.A., Sadybek
A.G. Use of the new version of the problem of two centers in the three-body problem. News of the National Academy of Sciences
of the Republic of Kazakhstan, physico-mathematical series, 2017, Vol. 1, No. 311, pp. 127-136. (In Russian)

[23] Kozlov V.V. and Harin A.O., Kepler's Problem in Constant Curvature Spaces, Celest. Mech. Dyn. Astr., 1992, vol.
54(4), pp. 393-399.

[24] Omarov Ch. T. and Malkov E. A. Chaotic Behavior of Oscillations of Self-Gravitating Spheroid Order and Chaos in
Stellar and Planetary Systems ASP Conference Series, Vol. 316, 2004.

[25] Euaggelos E. Zotos, A. Riafio-Doncel, F. L. Dubeibe Basins of convergence of equilibrium points in the generalized
Henon-Heiles system arXiv:1803.07398v1 [nlin.CD] 20 Mar 2018.

[26] Euaggelos E.Zotos. An overview of the escape dynamics in the Henon-Heiles Hamiltonian system

arXiv:1709.04360v2 [nlin.CD] 14 Sep 2017.

[27] Gerasimov IL.A., Zhuiko S.V. Investigation of the first integrals of the problem of two fixed centers L. Euler
[Issledovanie pervyh integralov zadachi dvuh nepodvizhnyh centrov L. Jejlera], Mathematical modeling and boundary value
problems, 2005, part 3, pp. 74-81. (In Russian).

[28] Duboshin G.N. Celestial mechanics [Nebesnhaja mehanika]. Basics of the problem and methods [Osnovy zadachi i
metody]. M .: Science. Main edition of physical and mathematical literature, 1968, 800 p. (In Russian).



https://doi.org/10.4213/sm672

